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Bursting dynamics of a fiber laser with an injected signal
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We study the effect of near-resonant optical injection on the dynamical behavior of an erbium-doped fiber
ring laser. Our experimental results show that, in the presence of even a small amount of injection, the output
laser intensity exhibits bursts spaced irregularly in time and with randomly varying amplitudes. A heterodyne
measurement of the frequency dynamics of the laser suggests that this bursting is due to an irregular wandering
of the laser frequency through the injection locking range. This interpretation is confirmed by a systematic
analysis of a simplified rate-equation model in which the frequency wandering is modeled phenomenologically
by means of a temporally correlated noise. A statistical analysis of the bursting events is performed, displaying
satisfactory agreement between the experiment and the model. In particular, the interburst time distribution
exhibits a well defined power law decay over a sizable time range.
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I. INTRODUCTION

Bursting is a common feature in many natural system
arising in fields such diverse as hydrodynamic turbule
@1#, binary fluid convection@2#, plasma confinement@4#,
magnetohydrodynamics@3#, x-ray pulsar emission@5#, and
neural processing@6#. Bursting events are typically charac
terized by sudden, short-lived, high-amplitude deviations
a nonlinear dynamical system from its otherwise quiesc
state~although in the neuroscience literature these events
called spikes, the term ‘‘burst’’ being reserved for repetiti
spiking!. Due to its ubiquity and conspicuity, understandi
the different mechanisms that give rise to bursting is a to
of significant current interest. Optical systems, and in p
ticular lasers, are exceptionally suited for that purpose,
to their experimental controllability and the deep understa
ing of the physical mechanisms underlying their dynami
operation attained over the years@7#. By way of example,
neural-like bursting behavior associated with homocli
chaos has been recently observed in a CO2 laser with
feedback-modulated losses@8#. In the present paper, we re
port on the bursting behavior exhibited by an optical fib
laser under the influence of weak optical injection, and e
cidate the mechanism leading to this behavior.

Injection locking of lasers@9# is a standard technique use
for a wide range of technological applications, includi
power amplification and stabilization@10#, polarization con-
trol @11#, and frequency stabilization@12,13#. Injection lock-
ing has also been successfully used recently to enhance
herence in broad-area lasers@14# and laser arrays@15#. But
besides its technological applications, optical injection
also known to induce complex dynamical behavior in las
@16#. Special attention has been recently paid to the cas
semiconductor lasers, for which the injection-locked state
unstable for most parameter values@17#, leading to a very

*Also at the Institute for Physical Science and Technology, U
versity of Maryland, College Park, MD 20742.
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rich bifurcation structure@18#. A similar scenario exists in
solid-state lasers@19#, although in that case the stationa
locked state is stable over a larger region of parameter sp
@20#, provided the detuning between the injected and the
ser frequencies is small. In the opposite limit of large detu
ings, the injected beam has basically no effect on the la
field and the dynamics is again approximately stationa
Still, for intermediate values of the frequency detuni
~around the limits of the locking range! the system exhibits
complex dynamical oscillations@21#. Under these conditions
one can already envisage that if the laser would auto
mously wander into and out of the locking range, the emit
intensity would exhibit bursts as the system crossed the lo
ing region. As we will show below, both experimentally an
with the help of a phenomenologically oriented rate-equat
model, this is the mechanism leading to bursts in injec
optical-fiber lasers.

Optical-fiber lasers are a type of solid-state laser wh
amplifying medium is an optical fiber doped with rare-ea
atoms. Due to their usually very long cavities, fiber las
have a large number of closely spaced longitudinal mod
packed within a very broad gain line produced by the inh
mogeneous broadening of the amorphous host medium.
implies that these lasers usually operate in a large numbe
modes. In spite of this fact, fiber lasers have attracted g
technological interest in recent years. In particular, erbiu
doped fiber lasers have an emission wavelength that
cisely matches the spectral range of minimal absorption
standard silica optical fibers. For that reason, erbium-do
fiber amplifiers have become standard elements in opt
communication systems@22#. Recently, interest has arised
the development of fiber laser arrays operating in a pha
locked state via evanescent wave coupling@23#. Here, we
examine optical injection of a steady coherent beam int
fiber laser. This situation is relevant for communication a
plications in which the fiber laser itself plays the role of
receptor@24#. In what follows, we show that due to the com
plex dynamical behavior of fiber lasers, even a small amo
of injection induces intense bursting in the system.
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II. EXPERIMENTAL STUDY

Figure 1 shows the experimental setup used in what
lows. The laser consists of a ring of optical fiber with a to
length of 41.5 m. The active element of the fiber ring is
erbium-doped fiber amplifier containing 17 m of doped fib
a 980-nm semiconductor pumping laser, and a Faraday o
cal isolator that enforces unidirectional light propagation
side the ring. All passive and active fiber is single mo
nonpolarization maintaining. An optical waveplate polariz
tion controller allows tuning of the net birefringence of th
fiber ring, and hence its lasing frequency, among other c
acteristics. We select a mode of operation where the la
displays a single-peaked spectrum centered atlL
51557.8 nm, with a full width at half maximum~FWHM!
of DlL;0.6 nm (DnL;74 GHz). Light from the ring laser
is extracted with a 70-30 coupler, and its dynamics is a
lyzed by measuring its intensity with a 125-MHz bandwid
photodetector and a 1-GHz bandwidth digital sampling
cilloscope. The ring laser is operated far above threshold
a pump power of 130 mW, with the lasing threshold loca
at about 10 mW. Under these conditions the optical pow
circulating in the ring isPL'9 mW.

Bursting is induced in the erbium-doped fiber ring las
by monochromatic injection from an external-cavity sem
conductor laser. The injected signal, with constant intens
is introduced into the ring cavity using a 70-30 fiber-op
evanescent field coupler. The injection laser is tuned
match the peak wavelength of the fiber laser, i.e.,l inj
51557.8 nm, while its spectrum exhibits a FWHM
Dl inj;1.2 fm (Dn inj;150 kHz), much smaller than that o
the ring laser. The difference in the spectral widths of the t
lasers highlights the fact that the injection laser operates
single longitudinal mode, whereas the fiber ring laser
highly multimode: given that the ring length isL541.5 m,
consecutive longitudinal modes in the fiber laser are se
rated by a free spectral rangeDnsp5c/(nL)55 MHz, where
c is the speed of light in vacuum andn51.444 is the index of
refraction of fused silica. Since the spectral width of the fib

FIG. 1. Experimental setup: an erbium-doped fiber ring la
~top! is subject to optical injection from an external-cavity semico
ductor laser~left!. Part of the light emitted by this laser is used as
reference beam in a heterodyne measurement performed a
50-50 coupler at the bottom of the figure.
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laser isDnL;74 GHz, one can conclude that thousands
modes are active in this laser.

The intensity time traces of the light emitted by the fib
ring laser with and without injection are compared in Fig.
In the absence of injection~bottom trace!, the laser operates
in a stationary regime exhibiting a non-negligible but co
stant amount of fast fluctuations~indiscernible in the figure!
caused by its complex multimode operation. When a sm
amount of light ~in this case the power ratio isPinj /PL
52.831023) is injected into the cavity~top trace, shifted
upwards in the figure for clarity!, the laser exhibits intense
bursts with nonconstant amplitudes and at irregular tim
These bursts are not single-spike events, but are followed
decaying oscillations@see Fig. 4~a!# towards the base level
where the system remains until the next burst. These de
ing oscillations occur at a frequency approximately equa
the relaxation oscillation frequency of the free-running las
nRO;45 kHz for the pump power used, which is muc
higher than the typical bursting frequency.

The bursting behavior shown in Fig. 2 was obtained
tuning the injected wavelength to resonance with the las
wavelength~within experimental precision!. However, the
same qualitative behavior persists for a wide range of
jected wavelengths, with the mean burst amplitude decre
ing and the interburst time separation increasing as the
tuning increases, until forDl;14 nm all bursts have
disappeared and the intensity dynamics becomes nearly i
tical to a ring laser without injection~bottom plot!. We be-
lieve that this extremely large bursting range is due to
broad width of the optical gain of erbium-doped fiber@25#.

III. FREQUENCY DYNAMICS OF THE FIBER LASER

The results presented above do not exhibit the qualita
characteristics usually displayed by injected lasers. N
mally, an injected solid-state laser would operate in a sta
locked state for low enough detuning between the injec
and free-running laser frequencies. For very large detunin
the injection would have no effect and the laser would b
have as in the free-running stationary regime. For interme
ate detunings, well-defined periodic or chaotic dynam
would arise@19,21#, all of them qualitatively different from

r
-

the

FIG. 2. Temporal evolution of the light intensity emitted by th
erbium-doped fiber ring laser with~top! and without~bottom! in-
jection. The top time trace has been shifted upwards for clarity
2-2
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the bursting state described above. In order to reconcile
present results with our previous understanding of injec
lasers, we need to determine the detuning regime in wh
our laser is operating. In this sense, we note that most
vious studies in this field have concentrated on single m
~or weakly multimode! lasers, whereas the fiber laser bei
investigated here is strongly multimode. As we will sho
this fact has important consequences on the system beha
particularly in its frequency dynamics, even in the absenc
injection.

With the aim of studying the dynamical behavior of th
lasing frequency, we conduct a simple heterodyne exp
ment using the setup plotted in Fig. 1. The external-cav
injection laser provides an ideal, stable reference laser for
heterodyne experiment due to its good frequency stab
~optical frequency fluctuations are smaller than tens of kH!.
A 50-50 coupler diverts one half of the injection-laser outp
to a reference channel. The fiber-laser output is also split
two equal parts using another 50-50 coupler. Half of the r
laser output is detected directly by the photodetector and
digital oscilloscope, while the other half is combined wi
the reference beam at a third 50-50 coupler. All fiber leng
in the experimental setup are matched for simultaneous
tection. Furthermore, the polarization states of the fiber
reference laser beams are matched using both polariza
controllers and linear polarizers before being combined
the heterodyne channel.

Since the fiber laser output consists of many hundred
lasing modes, the combined beam exhibits intensity fluct
tions that correspond to a superposition of the beatings
tween each of these modes and the stable reference
quency of the external cavity laser. The beat dynamics

FIG. 3. Longitudinal mode structure of the fiber ring laser wit
out injection: ring laser intensity dynamics~a! and its corresponding
spectrogram, with the detuning with respect to the reference in
tion frequency plotted in the vertical axis~b!. The intensity axis in
~a! has been rescaled to zero mean and normalized to the stan
deviation of the original time series. Sampling rate was
3108 s21.
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isolated by subtracting the pure fiber laser intensity time
ries from the combined signal. A time-resolved spect
analysis of the resulting time series, making use of Fou
transforms of 20-ms segments with no overlap, gives rise
the spectrogram shown in Fig. 3~b!. This figure shows the
frequency dynamics of the longitudinal modes closer to
reference~i.e., injected! frequency, which corresponds to th
intensity evolution shown in Fig. 3~a!. The longitudinal
modes of the free running laser, separated by the free spe
rangensp55 MHz, are represented by each of the wander
dark gray trajectories shown in the spectrogram. Note t
within a detuning range of 5 MHz, there are two mod
whose wanderings seem to mirror each other. This is du
the fact that the frequency of the intensity fluctuations in
combined heterodyne signal gives the absolute value of
detuning between the fiber laser modes and the refere
laser. Therefore, a negatively detuned mode is folded ove
a positive detuning in the spectrogram, and appears as a
ror image of the symmetric positively detuned mode. T
produces spurious reflections of the wandering mode off
zero-detuning reference axis@like the one at 1.4 ms in Fig
3~b!# which actually correspond to crossings of the mo
through the reference frequency, followed by a shifting fro
positive to negative detuning, or vice versa.

In any case, once all such artifacts are accounted fo
Fig. 3~b!, the remarkable conclusion that one can draw fro
this figure is that the longitudinal modes of the fiber las
wander over a range of several megahertz, in an appare
random way, maintaining their constant 5-MHz frequen
spacing, at a time scale on the order of milliseconds, m
slower than the typical time scale of the intensity fluctuatio
@see Fig. 3~a!#. The origin of this slow frequency wanderin

c-

ard

FIG. 4. Longitudinal mode structure of the fiber ring laser w
injection: ring laser intensity dynamics~a! and its corresponding
spectrogram~b!, plotted as in Fig. 3. The injected power ratio
Pinj /PL57.431022. The faint ghost images forming additiona
sets of modes are due to orthogonally polarized light projected
the linear polarization state sampled by the polarizers in the fib
laser heterodyne channel.
2-3
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~which, we remark, occurs in the absence of injection! is still
an open question, although qualitative considerations lea
to think that it is due to the complex interaction between
many modes operating in the laser@26#.

We now perform the heterodyne measurement in the p
ence of injection. The result is shown in Fig. 4 for two co
secutive bursting events. At the temporal resolution of t
measurement, the relaxation oscillations following each b
can be clearly identified@Fig. 4~a!#. The corresponding spec
trogram shows that, while the slow frequency wandering p
sists in the presence of injection, the bursting events
clearly associated with instantaneous locking of the fiber
ser to the injected signal. Locking occurs when one of
wandering modes comes close enough to the injection
quency. At this point, this locked mode absorbs all the las
power, and all the other modes of the ring laser vanish, r
dering the laser momentarily single mode. Locking is evid
in the intensity time series@Fig. 4~a!# as a sharp decrease
the amplitude of intensity fluctuations. The system does
remain locked for long, and the laser leaves the locking
gime abruptly, accompanied by an intensity burst. The to
intensity performs relaxation oscillations towards its init
preburst state, which is similar to that of the free-runni
fiber laser. The modes then continue to wander relativ
independent of the injection, until the mode closest to
injection frequency momentarily locks again to the injecti
laser, and initiates a new burst upon release from the loc
state. We can thus conclude from these results that the b
ing dynamics is due to strong, intermittent interactions of
injected beam with the longitudinal mode closest to the
jection frequency, which gives rise to brief periods of locki
followed by intensity bursts upon release from the lock
state.

In spite of the apparent similarity between the behavi
of the free-running laser and the injected laser betw
bursts, a close comparison of Figs. 3~b! and 4~b! reveals that
the modes of the injected fiber laser are never comple
free of the influence of the injected light field. Indeed, F
4~b! shows that the intensity of the longitudinal mode clos
to the injection frequency~as measured from its gray level! is
significantly higher than that of its neighboring mode
whereas in the absence of injection@Fig. 3~b!# the power is
nearly equally distributed among all the modes represen
Thus, there is always a confinement of the optical spect
of the injected laser around the injection frequency.

The analysis presented so far refers to the situation wh
the injected frequency is tuned to resonance with respec
the peak of the fiber laser output spectrum. However,
noted in the preceding section that bursting occurs ove
wide range of injection wavelengths. The consideratio
made in the previous paragraphs help us to explain this f
given the close spacing of longitudinal modes and the bro
ness of the gain line of the fiber laser, even injection wa
lengths far away from the gain peak of the laser will hav
longitudinal mode close enough~always within 5 MHz! to
interact with, generating bursting dynamics. Certainly,
intensity of the bursting will decrease with injection detu
ing, until the gain of the closest longitudinal mode is n
enough to induce the bursts~which in our case occurs for
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wavelength detuning of;14 nm).
The heterodyne measurement described in this section

given us some insight into the origin of the bursting dyna
ics, in terms of the frequency interaction and locking b
tween the fiber laser modes and the injected field. Howe
it would be desirable to have a more quantitative descript
of this interaction. By way of example, the width of th
injection locking range of our laser can be expected to de
mine how close to the reference frequency a given long
dinal mode of the laser must be in order to lock to the
jected signal. In order to provide a quantitative answer to t
and other questions, we develop in what follows a ra
equation model that exhibits the observed bursting behav

IV. A PHENOMENOLOGICAL RATE-EQUATION MODEL

Guided by the results presented in the preceding sect
we restrict ourselves to analyzing the interaction between
~stationary! coherent injection field and the~dynamically
evolving! longitudinal mode of the fiber laser closest to t
injection frequency. Since we are only interested in desc
ing the dynamics of one of the lasing modes of the laser,
consider the following single-mode rate-equation model:

dE

dt
5~G2a!E2 iDvE1Einj1h~ t !,

dG

dt
5

1

T
~p2G2GuEu2!, ~1!

whereE(t) is the slowly varying complex amplitude of th
relevant cavity mode andG(t) represents the gain of th
medium. The equations are written in a reference frame
tating at the injection frequencyv inj , so thatDv represents
the detuning between the cavity mode frequency and
reference frequency. Measuring time in terms of the cav
round-trip time tc , the dimensionless detuning takes t
form Dv5(v inj2vc)tc . Other parameters of this model a
the cavity loss coefficienta, the amplitude of the intracavity
injected fieldEinj , and the pump ratep. The coefficientT
5t f /tc is the ratio between the fluorescence lifetimet f and
the cavity round-trip time. The threshold pump rate for lasi
action ispthr5a. Finally, h(t) is a Gaussian white noise o
zero mean and intensityDsp representing spontaneous em
sion fluctuations.

Rate-equation models have been used in the past to
scribe diverse properties of fiber lasers@27–30#. However,
these models provide an extremely simplified description
these lasers. In the particular case of model~1!, we are using
a single linearly polarized field to represent the dynamics
a laser with a very large number of longitudinal modes, a
no well-defined polarization. For this reason, there are f
parameters of the model which we can directly identify w
their corresponding experimental values for our laser: o
the fluorescence lifetimet f510 ms and the cavity round trip
time tc5L/(c/n)5200 ns. The rest of the parameters w
be fit to reproduce the experimentally observed dynam
2-4
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We will see that, in spite of the simplifications made, th
elementary model reproduces our experimental observat
in a very satisfactory way.

In order to determine the values of the pump ratep and
cavity loss coefficienta of our model, we fit the model to
reproduce the experimentally measured relaxation oscilla
frequency (nRO;45 kHz) and their damping time (Tdamp
;0.2 ms). Linear stability analysis of the stable lasing so
tion of Eq.~1! in the absence of injection gives the followin
expressions for those two quantities:

nRO5
1

2ptc
A2~p2a!

T
, Tdamp5

2Tatc

p
. ~2!

Imposing the measured values ofnRO andTdamp and withT
553104, one obtains thata50.8 andp580. We note that
the required pump is much higher than the experime
value. This could be due to the fact that the mean-field
proximation inherent to the rate equation model~1! underes-
timates the gain of the laser, requiring a larger pumping t
the actual one.

Typical values of the injected power used in the expe
mental study described above correspond to injected am
tudes in the model on the order ofEinj50.1. The width of the
locking range for that injected amplitude can be computed
determining the detuning interval for which the stationa
locked state is stable@20#. In our case, the calculation gives
locking range of60.01 MHz, much smaller than the exper
mentally observed range of the frequency wandering. Gi
the complexity of the bifurcation diagram that this kind
systems display close to the locking range~see, for instance
Ref. @18# for an example comparing successfully experime
tal and theoretical results!, we can expect the frequency dy
namics of the fiber laser to play a vital role in the behavior
the system, by taking the laser through all detuning ran
~see beginning of Sec. III!. Keeping this in mind, we have
modeled phenomenologically the frequency wander
~which we believe to be a multimode effect, and it is n
exhibited by the simple single-mode rate equation model! by
adding a fluctuating term toDv in the form of a Gaussian
nonwhite noisej(t), with zero mean and a temporal corr
lation in the form

^j~ t !j~ t8!&5
Dv

tv
e2ut2t8u/tv, ~3!

wheretv is the correlation time of the noise andDv is its
intensity. Then, the detuning term now has the formDv
5Dv01j(t), whereDv05Dn0 /(2p) is the baseline value
around which the detuning fluctuates, andj(t) is the
Ornstein-Uhlenbeck noise defined above. All three para
eters of the fluctuating detuning,tv , Dv , andDn0 , should
be basically independent of the injection amplitude, and o
the mean detuningDn0 varies from experiment to exper
ment in an inherently random way.Dn0 is restricted to val-
ues of the order of a few megahertz, since the model con
ers the cavity mode closest to the injected frequency,
there is always one within the free spectral range of the la
which is 5 MHz. By systematically comparing simulation
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with the experimental observations of the free running las
we have chosenDv523103 and tv523103 ~correspond-
ing to a correlation time of 0.4 ms!. Figure 5 shows a com
parison between experimental output intensity measurem
and corresponding numerical time traces obtained fr
model ~1!, for three different injection levels. The mai
qualitative characteristics of the experimental irregular bu
ing behavior are clearly reproduced by the model.

In order to examine the relationship between the f
quency dynamics and the bursting events produced by
model described above, we compute the instantaneous la
frequency as the time derivative of the phase of the comp
envelopeE(t). Given that the reference frequency at whi
E(t) rotates is the injection frequency, that quantity cor
sponds directly to the instantaneous detuning between
lasing and the injected frequencies, which is the meas
obtained from the heterodyne experiments of Sec. III. Fig

FIG. 5. Experimental~a! and numerical~b! time series exhibit-
ing bursting dynamics, for three different injection levels. For t
experimental traces, the injection ratio is 3.031024 ~a1!, 7.6
31024 ~a2!, and 1.931023 ~a3!. For ~b!, Dv523103, tv52
3103, Dn051 MHz, and the injection ratioPinj /PL is 7.631025

~b1!, 2.331024 ~b2!, and 1.431023 ~b3!. The open circles indicate
bursts that have been identified by our detection algorithm.

FIG. 6. Frequency evolution of the modeled fiber laser cor
sponding to two bursts. The frequency detuningDn is computed as
the time derivative of the instantaneous phase ofE(t). Its time
series has been filtered at 50 kHz in order to mimic the experim
tal bandwidth detection. The noise parameters are those of Fi
with Pinj /PL51024.
2-5
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6 shows a comparison between an intensity time series
hibiting two bursts and the corresponding frequency evo
tion. The horizontal line corresponds to resonance betw
the fiber laser and injection frequencies. We note that
estimated locking range (60.01 MHz) is too small to be
discernible in the vertical detuning axis of the figure. Kee
ing this in mind, we observe that the bursts occur whene
the lasing frequency gets close enough to the locking ran
The time the laser is actually locked is too small to be d
tinguished in this case~the same thing is expected to happ
in the experiment for injection powers smaller than that c
sidered in Fig. 4!. As in the experimental results of Fig. 4
the bursts are followed by relaxation oscillations of the la
towards the unlocked state. Hence, on the basis of the m
eling results we can interpret the bursting phenomena as
to the fact that close to the locking range boundaries str
dynamical behavior arises@19#, which momentarily perturbs
the laser and induces bursting.

V. STATISTICAL ANALYSIS OF THE BURSTING EVENTS

As we have seen above, the phenomenological mode
troduced in the preceding section reproduces satisfacto
the qualitative features of the bursting dynamics exhibited
our injected fiber laser. In order to undertake a more qua
tative comparison, we now perform a statistical analysis
the bursting events, both for the experimental and numer
observations. Obtaining an agreement between these
types of results is in principle nontrivial, given that the nois
driven character of the numerical bursts could be expecte
lead to statistical properties very different from those of
experimental bursts. In what follows, we will see that this
not the case, and that the agreement indeed exists, rein
ing the value of the model used and the conclusions dra
from it.

Both the experimental and numerical bursts can be id
tified by analyzing the corresponding time series. In the t
cases, the series of relaxation oscillation maxima are
tected, and the relative maxima of this series are take
correspond to bursts, provided their intensity surpasses a
tain threshold~which eliminates spurious results correspon
ing to the strongly fluctuating ‘‘steady’’ interburst phase!.
The threshold is taken to depend linearly on the stand
deviation of the time series, which allows a direct compa
son of different injection levels~for which the burst ampli-
tudes, and thus the standard deviation of the time se
vary, as can be seen in Fig. 5!. The results of this detection
algorithm are plotted as empty circles in Fig. 5.

A first straightforward measure of the bursting distrib
tion is the average of the time intervalt between consecutive
bursts. After detecting the bursts by the technique descr
in the preceding paragraph, we compute their mean t
separation for increasing levels of injection, for both the e
perimental and the numerical case. The results are comp
in Fig. 7, which shows that the mean interburst inter
slowly decreases with the injection level in the two sets
data. This behavior can be understood in the light of
injection model used: given that the detuning interval
which injection locking exists increases linearly~at least for
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small detunings! with the injection amplitude@20#, an in-
crease in the injection level will also lead to an increas
probability that the wandering frequency hits the locking
gion and thus produces bursting.

In contrast to other bursting phenomena encountered
nature@2,6,8#, the bursts exhibited by our injected fiber las
are strongly aperiodic, both in terms of their amplitudes a
their time separation. In order to establish any regularity t
might exist in those quantities, in spite of their seeming co
plexity, we compute the probability distribution functions
the burst amplitudesI m and interburst time separationst.
The computed probability distribution functions for the tw
quantities are plotted in log-log scale in Figs. 8 and 9, b
for the experimental and the numerical data. In all cas
results for three different injection powers are plotted.

Figure 8 shows that the probability distribution functio
of the interburst time intervals exhibit a clear power-law d
cay extending over more than one decade, with the sa
characteristic exponent independent of the injection lev
The agreement between experimental and numerical da
remarkable. The exponent in the two cases is of the orde
21.45. Similar scaling laws have been obtained previou
in on-off intermittency in noise-driven systems, such as el
troconvection in liquid crystals@31#.

Figure 9 displays the probability distribution functions
the burst amplitudes, again for both experiments~left plots!

FIG. 7. Average time separation between consecutive bursts
increasing injection levels, for both experiments@~a! empty circles#
and model@~b! full diamonds#. In the latter case, parameters a
those of Fig. 5.

FIG. 8. Probability distribution function of the interburst tim
intervals for the experimental~a! and numerical~b! data. Three
different injection levels are plotted in each case. For the exp
ments the injection/lasing power ratios are: 3.831024 ~circles!,
9.631024 ~squares!, and 2.431023 ~diamonds!. For the numerics,
the values of the injected amplitudeEinj are: 8.131025 ~circles!,
2.331024 ~squares!, and 1.431023 ~diamonds!. Lines correspond
to a power law decay with exponent21.45.
2-6
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BURSTING DYNAMICS OF A FIBER LASER WITH AN . . . PHYSICAL REVIEW E67, 036602 ~2003!
and simulations~right plots!. As shown in the bottom row
when the graphs are scaled by the standard deviation o
corresponding intensity time series, all data collapse to
same function. The behavior is similar for both the expe
mental and numerical results. A region of power-law beh
ior can also be distinguished for large amplitudes in the t
cases. These results also agree, at least qualitatively,
observations in systems exhibiting on-off intermittency.

In spite of the very good agreement observed so far
tween model and experiments, certain differences can
found in the response of the system to injection. The discr
ancies are shown in Fig. 10, which presents the depend
of the standard deviation of the time series with the injec
power ratio. In the experimental case@Fig. 10~a!# the result-
ing relation is seen to be a power law for all injections tes
in the experiment, with a growth exponent close to 0.5.
the numerical case@Fig. 10~b!#, however, a crossover is see
at Pinj /PL'331024 between two different exponents, from
a value close to 0.45 for low injections to;0.2 for large
injection powers.

VI. CONCLUSIONS

We have shown experimentally that small levels of n
resonant light injection applied to an erbium-doped fiber r

FIG. 9. Probability distribution function of the burst amplitud
for the experimental~a!, ~c! and numerical~b!, ~d! data, and differ-
ent injected power ratios corresponding to the last seven poin
each of the plots of Fig. 7. In plots~c! and ~d! the data have been
scaled by the standard deviation of the total intensity time serie
las

s.
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laser give rise to intense bursts in the light emitted by
laser, occurring at irregular times and with irregular amp
tudes. Heterodyne measurements show that the fiber l
undergoes a slow frequency wandering in the absence
injection. In the presence of injection, the bursting is asso
ated with a momentary locking of the laser to the inject
signal, followed by an abrupt escape from the locking regi
which gives rise to the bursts. A numerical analysis o
rate-equation model, where the frequency wandering is in
duced phenomenologically by means of an Ornste
Uhlenbeck noise, confirms that the locking range of the s
tem is very small in comparison to the range of the freque
wandering, and shows that the bursts occur when the l
frequency gets close enough to the locking range. E
though the bursting events are noise driven, a statist
study of their time separation and amplitude reveals a pow
law decay of the corresponding probability distribution fun
tion, characteristic of on-off intermittency. The good agre
ment between the statistical analyses of experimental
numerical data indicates that the heuristic modeling of
frequency wandering in terms of a time correlated noise
very adequate. The cause of this wandering, and its poss
relationship with the strongly multimode character of fib
lasers, is under current investigation.
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FIG. 10. Standard deviation of the total intensity time series
the injected power ratio, for both the experimental~a! and numeri-
cal ~b! data.
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